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o RAR LT IR, B A AL AV A R ARG . RIRA A T, BRI
W E &R RAE X = P(X)!
1.1 EH/ik

X CY AR X B Y W78, BETEGHN X CY For.
BEED (set) Xy, .. X, X1 x Xo X ... x X, := {(21,..7,) : 7, € X; foralli € {1,...,n}}, KN
X1, ., X, W /R (Cartesian product), P(X) := {A: A C X}, 7k X HELE (power set). #

Xi=Xo= .= X, = X, BATAZ X" = X1 X oo X X
(BRAEARRIRTE DL, A BRI A S L AT SRR B, 78 X x o x X By O, fil—

WRE {(z1,...xn) : 2 € Xy} NN Vg, z1 € X(...) FRHEFLIE Voo € X (Vo € X(...)))

— X H5Y [AER (relation)R 52 X X Y —"T4 (subset), HFA15 2Ry % (x,y) € R.
f4n {(0,0),(1,2)} & Z 5 R [AA—AKR, BRAIATAE 1R2, (HARES ORn. % X =Y, JAIFEIK R
= X FXAR.

X, X R KRR R R

(i) Vo € X(xRx) (5% (reflexity))

(i) Va,y € X(zRy — yRx) (MFrPE: (symmetry))

(ili) Va,y,z € X((xRy A yRz) — xRz) ({5 (transitivity))

H2FF R M X (equivalence relation), 457E x € X, % [x] := {y € X : zRy} N = WIEMHZR
(equivalence class). EM X AMNBIFA: EAEREES X L = BFEMER, IFH Ve € X([z] = {«}); &
Z L, # xRy K HAVY z =y mod 2, 24 R NFEM KRR, HWHAAREREENZE [0], [1].

KOS R, i e THGE X FINEH KR, ﬂRi Wh X EREMXR, TRHEMEXH A C X?
RIS R z

N R

ACR,R equivalence relation
BN, B o= Jeh 0 ZEH), 1 mod 2 KRR KFAZH {(z, 2+ 2)} EH). FATRHEE T
B PR R 7 HORE SCRE K 2R, T R TH A/ s AR Y D

find 1.1 A C X? RSN X R
R={(x,y): Jas,....,a, s.t. a; = z,a, =y, (a;,a;41) € A or (a;41,a;) € A}

WEWIRR A C R, T R ZFHEMEER: W (z,2) LA a1 = o = z; % 2Ry, {F1EWHRFIFH
A1y ey An,y %B/A\ Qpy .-y A1 %‘2% nya % nyayRZ7 XTJ‘ z,y ?‘z/ﬂ‘]ﬁ A1y ey Uny X‘—J‘ Y,z ?‘z,ﬂ‘]% b17 '“7bm7 :J:
A1y ey Oy bay ooy Dy R R EOSR IS o Rz P41, DA A RIS K &2 R T4

1



RZ, %5 ACS ZEMAEZR, IAVEAGIE RC S. Y n=11, H S HENXER (z,2) € S. %
(z,y) € R 5ENTHI ay, ..., an, (2, an1) FAE BT a1, ..., an-1, TEBAHEMRE (2,0,-1) € S.
BEHR AcCS ALK S BA symmetry, (a,-1,a,) € S, TH&H transitivity (x,y) € S. FfPA R & A &
B S K BRI TR

ik, A BEHRAZ R O

PR IR IR X T AR A AR AR IR IR TIE - A FRATTEHER A A BRI E S

N S
ACS,S satisfies property P

W2 B, —IERE R A R Wi (1) FR B D A B R P, roAA I EA 2 B T4, (i)
UERMEMTE P S D AH B C S, T B A e T4

FAME AU P IHAE S 0 — 1 B n, TEEZE N BRI IAE AR T8 &
/NI O, FRATTER AR FH UH g feist; 8 2 JELEE R 2 A < (Hgh ) B/ il

#r XY KRR fWE Ve e X FHACAME——D y e Y [#i15 afy, O f H X B Y )—
AW (map) BOREL (function), 10/E f: X = Y, HHid y = f(z) & «fy. X T fo, i X =Y, &
K fo=f BHACH Ve € X(fo(z) = fi(z)), TRIATA DA FUE L—DWp, I Hag moE X — S
[z s(z), Hoip s(z) B— 15T H o 1MEHFEER. HEWST (identity map)idy : X - Xtz — @
W X R IAG . D E R (projection), pi: Xy X oo X Xy ¢ (T1, 00, Tn) > @40 BHTE
[ X=Y Hg: Y= Z @ gof: X —Z:xw—g(f(z)), A g G (compose) f; TERA B LT
DL EATEW o) BRH I (hg)f = h(gf), TreBA A WA E I HITE S

MACX, @ fIA={(z,f(z)):z€ A}, =D A=Y B X Imf = {y: Ix(f(z) = y)},
FEh f 9% (image); f(A) :=Imf [ A XfTAEE BCY, X f~'(B) ={z: f(z) € B}, ¥k B B
4 (inverse image); YER XA I f H&h @ U OTES f~(y) = F {y}).

[+ X =Y NESE (injection) 3 Vo, z1 € X(f(20) = f(z1) = zo = z1); [ NS (surjection)
Wy e Y3z € X(f(x) = y): f AU (bijection) Z5E R M LTI

BoEAE, [ X =Y SRR HALY V290,910 Z — X(fgo = for — g0 = g1), f R4 HAL
M VINGo, 91 Y — Z(gof = g1f = go=g1), [ RRUFMEALY 3g:Y = X(g9f =idx A fg=1idy). &
IRIXHENY g A2, FAIFRIN f AL (inverse map): £ S8 Rl G 1 20 L KF R 20 1
JCHRU RGeSO @ AAAER LS. AR XY [AFTEAU R — S K &,

FET R FANAGNEIFNTZ (Aziom of Choice), fa B f LR T VA EIEBA 2 3L “H MNPt —NTZ& ... (1%
#)”
BRI AN X T IRF 2 MES X cie I, X
[[Xi={:T-JX:: i) e X3}

el el
BT = {1,2,.n} WBLT, BANE AR & 15 P A 5 S L 5 -2 TR U
o (PO, f(0). LRI A TS F X, # 0 WA cartesian product JE75. X FHR
cartesian product RIATHLE pi : f > £(), FHF X, = X RefTEREIE X = [[ X ={f: 1 > X};

icl
XL E S5 I T ) MU 2 A1


https://ncatlab.org/nlab/show/axiom+of+choice

G XY, Jl1hr X, Y SFHAAFALE bijection f: X — Y. fFEA MG SRS f: X —
Y M HCHFERYS g0 Y — X BPAEIPEFERY X =V, g Y - X, B2 XY FH
|X| := min{a@ € On : 3f : X — « bijection} FNEEGH P (cardinality), HH On H)JF4L (ordinal )i
JHIZE (class). fAIBRYE [X] & X WNITRMAEL, |0 = 0,1{0,0,0,0,0}] = 1,[{0, 1} = 2; XT T
RS, ATABIT |Z] = IN| = w, I HIBEFELATC R :=w = [N # | X| <Ry, FAIFR X 2F50
(countable).

AREEH], [PXO] > X, HAAEZWERS P(Z) — R(FZ R ), T2 R BN, X2k
Fhlit g e EEY cardinality KA.

1.2 R

REER 12 1 blog ¥ computer algebra (% 0.

2 FERYEhL

BT A2 PB4 — A AT TR RA M FRPE R TR Soh iR AT B bl X
AT ahg, SR HAR SR XA S 20 I vE AR XU, T B ] Z W 2 e i
automorphism - FER A FEE WU, LEMZEPEHXR. T 2N VLI FERRX AER:

Ef—A8E G #A A4 X 584 f: G — Sym(X) := {0 : 0 is a bijection X — X}; Imf B
FHA automorphism M RAEE A, T f FFXA4> automorphism LA MEMIG S FINEHE; T2
FATIT AT FAARY X LM oe e e pgxt g - B, Il n) SR aiie @ BLE S5 1 EAS T f 145
P BeAb, FRERE H bR, (HIRNTTAEE 2 g H — G, G MEEHECAT ., g RAERE T2
A5, L G EBZE KT H A5,

TERET ORI E S, FATHF I E—Boh IR & RS #F (group); #EFZS (group homomor-
phism) - 41 f, g; F#f (subgroup) - @1 Imf < Sym(X); Fi#E (quotient group) - 41 Img; PA S EH 2,
WX AR TER O #EAE (group action), B fg: H — Sym(X).

3 REE X

X 1.2 PN EEERE G SEEN—IIY - G x G — GAR 2L (multiplication)) #ifx
Ak (zroup), A5

(i) Vo,y,z € Gz - (y-2) = (x-y) - 2)), HP z -y = (z,y). XHFRA associativity.

(ii) Je € GVz € G(e-z =z - e = x), FEFE—4XHEN eo #EFRHA identity.

(i) f ([ERE—A)identity eo, Vo € Gy € Gz -y = y & = eo). B o, 4EFFI L AMEAE AR
Yo HEFRA « B inverse.

AN (4 Bk, AT -, M0 LR associativity (zy)z = z(y2), FrbAMHRIERT 2 1k
BENTEEEW S, W 2((y2)w) FPEEGTE vyzw, Wi n NIEEE n A o HIFCRHHCE 27, 0
v = wax. RUEEER B R RIE R AN, T IRIAE R AN, JEH S AT R U
I


https://ncatlab.org/nlab/show/Cantor-Schroeder-Bernstein+theorem
https://ncatlab.org/nlab/show/ordinal+number
https://proofwiki.org/wiki/Cantor%27s_Theorem

HR bk SCPAFE A A I R i A, RN DRI SR ENTR Z R, IR 5
I NIDBUIL Sy s V6

W 1.3 TR —ANEE G, (i)Identity EME—1; (i) XHEM—A = € G, B inverse EME—1).
UEWT (i) 45 eo, e1 #Rs2 identity, eg = eger = e1. HILIRAT KT identity J24E 1.
(ii) #F yo, 1 Eie x 1Y inverse, yo = yol = yoxy: = lyy = y1. HIKIRATIC = AY inverse 2y 2=t O

XFE—RIATAT AR SRS & n HEE 0 > 0 B 2 EXWE, 2° =1, n <0 [
o = (271)". HH WL HMEAL 2"t = ata™. FANRBALRGFT SR 1 RS, WTE Z,
- B IERYNE LT, identity ZHEEL O MMiEREEL 1!

T34k, R AR AL R T inverse fEAEM AR R 8 2y = 2 YA y =272 BHMY v = 2y~
PrA# oy = 2z, y = 27wz = z; yo = 2o FFEA y = 2, AR BAEFERIE P 0 AL A G-

MR, B CERK R, I LB 2 O E. A, SR 4 a5 ny L,
identity F{F identity map, FeILFEAEG L, inverse FAFWBLYS, FATRE —LLH6]+

(i) {1} R ERARE, WHEFRN 1, FrOER I AR R IR SRR

(i) (finite cyclic group) Z, = {1,z,22,...,2"} Fl | xtxb = goth medn Jd A FefTn] DLKEHL
BIER? = R? [—RIiEfrs: o REHFIEFE 22T JUE, B (u,v) — (ucos 22T — vsin 247 4 sin 207 4
v cos 247,

(iii) (infinite cyclic group) Z W FilH L@ —HE, FATATLAR: n BAEAE Z P n AL Bl
Tr—x+n.

(iv) (symmetric group) ZAEHES X, Sym(X) b X WXFREE (symmetric group), N E . #F
| X[ >3, Sym(X) FRfeEHA A

(v) (general linear group) %5 5E —A> field F, —PMIE#E n, GL,(F) := {T : F" — F™ linear bijection},
eyl NG, B SN, {M : M is n x n matrix s.t.det(M) # 0}, Feyk pEGRE. R GL,(F)
R P B — IR

(vi) (Galois group) # F & K ] extension, Galg (F) := {o : F' — F field homomorphism s.t. Vz €
K,o(x) = o}, FPHEM. Xl — I E RN .

TEFTAHE A —SRIRAHE - B DURHEE (Abelian group), ‘EAITHIAeIE & )

EX 1.4 21 A WE Vo, y € A(xy = yx), A §iF7~ Abelian group. 7 Abelian group H, identity
WHEGHN 0, 2y GH x+y, 2" GH —a, 2" HH ne.

4N, vector space, ring, m% field i 4% H AL Z Abelian group. HAH KR generating set(
T X) B Abelian group 4542 finite dimensional vector space, X} K ZE0HE 16+ 6 88, A]
PAZZ N blog R computer algebra ZFE.

4 Group homomorphism(#[F]£%) & subgroup(F#¥)
TR AT 2 UM PR BB 5.



X 1.5 BER G H, — W f: G — H #iFRA group homomorphism # Va,y € G, f(zy) =
f(x)f(y). BER, MTATEE G, idg /& homomorphism; X}{F{i] homomorphism f : G — H,g: H — K,

gf J& homomorphism.

B NEES: A AT —2Y ring 1{ field 5% category, A fE£IEE homomorphism 4
B identity, TN B image AT RIFAMAYTELL; SRMTE group homomorphism IR f(1) =
A1) = fOFQ), FrEA f(1) = F()THF(1) = 1. ML, f(2)7! = f(a™).

URAE LM AR 4, #EZ Y homomorphism W] AR A BIFATRIHEZ 7] 5 2R A FE; 801,
AT 25 [ S i —FERYRE:

E X 1.6 Homomorphism f : G — H #{FrN isomorphism ZfFFE homomorphism ¢ : H — G f#if5
9f =1idg, fg = idg, BHAURRPERT A FIXAER) g 2ME—1) f~1. #74F1E f+ G — H isomorphism, Ff/]
PR G 5 H isomorphic, G G ~ H, AW HES G = H, REFENEGHRE G # H. ZH5HRiE ~
M KA.

T PRI ER AN 2 W /)

EM 1.7 ¥ homomorphism f: G — H HXU, f #E 42 isomorphism.
WEWIR g = f71. f(g(2)g(y)) = f(a(2))f(9(y)) = zy, BTLA g(zy) = gf(9(x)g(y)) = g(x)g(y), B g
R ATAEZL homomorphism. [

findl 1.8 f: G — H JHAE f~1(1) = 1.
WEWEE f(2) = f(y), 1= f(2)f(y) ™" = flay™), Fibhay™ =1, Wl o=y O

XFE—R, HEE T f#— homomorphism f : G — H 275k isomorphism, FAT0] AR %
ker f := f~1(1)(FR W% (kernel)) 5 Imjf: f & isomorphism 24 HAV:Y ker f =1 H Imf = G. Tigtingk
PERE P —FF, XA AA & FRIRIT) o

X 1.9 7 H C G H HAE G WFE LR, 0P H S G —DTH#, ik
H < G. JFEEN THIEREMAK, FANTEOK Vo,y € Hooy € H. [z, TR 0K, FA1LFHERIE
associativity. X488, FATILFHF L H /) identity 5 G B9AR, BHh H — G -z — o BIR/E injective
homomorphism, T4 1 € G HJ inverse image, Bl H Y identity, & 1 € G.

i 1.10 455 homomorphism f: G — H, ker f < G, Imf < H.
WL f(2) = f(y) =1, flay) = f@)f(y) = L f) =L # flx) =1, fla') = fz)"' =1, Il
ker f < G. f(x)f(y) = fay), 1= f(1), f(z)7" = f(z7"), BibA Imf < H. O

RKoOWks H, < G, N H; <G, TR LAERECPE span H0F & X
w111 R G, X C G, X B8 SCH
(xX)= (] H

XCH,H<G



(X)) = G, MK X H G J—> generating set. 77 X & G [ generating set H X C H,
G KRR IR 5 ok ).

(X) = {wiwyg..w, :w; € X orw; ' € X}

HAFAIIRYE 0 =0, KEEH 0 3EFE LA 1.

VEWIBLG drdl 1.1 AIER], AVEIRIEAMES - ih H - 2885 X BT #H: BR X C
HcCG &1 e Hy & w..wn, vy, oy Uy € H, Wi wpvy..0, € Hy 25 wyiw, € H, (wy..w,) ! =
wit.wyt € H.

BEWR X C K <G, % n HPUEIUEAT wi..w, € K: n =01 1 € K 2 K <G W& L. WHE
B owi..w,, HEAPER wi..w,—1 € K, X C K <G, rbA w, € K, T2 wy..w, € K. O

TR ik g, A4 B L. B 52 subgroup H#Y:

() VG(1 < G).

(i) Fr A n WASERERL Z W18, Bk nZ. AR nZ = (n)

(iii) 0, = {M € GL,(R) : MT = M~'} < GL,(R), F{F orthogonal group, s& R™ A LEL%
FAs e (isometry). [AIFEFRATA U, = {M € GL,(C) : M* = M}, F4F unitary group.

(iii) (dihedral group) Z5%E IEHEEL n & X

-1 cos X  _—gin 2"
Dy, = 3 . 2n 2 " < 02
1 sin 7” cos 7”

B RS SR 20 AR R R O RIE n SR 2tk CREE XK.

(iv) (fixed group) #; F J& K [¥] extension, E /& intermediate field, L4 E' := {0 € Galg(F) :
Vo € E(o(x) = z)} < Galg(F). Galois theory WfxiEAEFE# F galois over K, If4 E — E' &
intermediate field £ %] Galg (F) FTAH FHEIEATIBUR.

B R 3k 2 homomorphism 1.

(i) XHMEERE G FA1EA ME—RY homomorphism G — 1 : g — 1, WA ME— homomorphism
1= G: 1= 1(EFEEREES!), T category HYIEHE W ANEIX ZKE 1 &£ terminal 5 initial object.

(i) % H<G,i:H—G:zvw z. FATEFEFRZ A inclusion, idfE i: H — G.

(iii) & f : G — H & homomorphism, K < G, f | K /& homomorphism(¥¥ & f | K = fi,
it K — G). ANERANEEES f: K — H.

(iv) #f G < GL,(F), det : G — F*, Hp F*:={xz € F : x # 0}, 3y h F Wk G = GL,(F)
B} SL,(F) := ker det, X} special linear group. G = O,, i} ker det = SO,,, special orthogonal group;
G = U, B} kerdet = SU,,, special unitary group.

R ORI TR AR, AT

i 1.13 75 | X| = |Y|, W] Sym(X) ~ Sym(Y).

WM T | X| =Y, Bl—AU f X — Y. ZENS F:Sym(X) =YY 10— fof L.

HRBAEN Imf C Sym(Y) - fof™" BB fo='f~" fof~'fo'f™h = foo ' f7! =
1 =idy, SH L



#% F & homomorphism: F(o7) = forf~'= fof~'frf~' = F(o)F(7).

G HEM G : Sym(Y) — Sym(X) : 7 — f~i7f & homomorphism, HZ#k F,G H k. O

PER R ZBIEW] isomorphic (1) iyl JELH 2 1] BR B H22 i 1y 3ot LS 5 o i ik, HLOR 22 ey it A
— SR HARMBE T E. ARG 45 o € Sym(X), XUE f: X = Y, HEME Y - Y ik E B
gylixaxiy.

T | X| =n BGH Sym(X) K S, I H—H Sym({1,...,n}) FERAFE. A T RFATE
F XS homomorphism A3 T Ayl 1.13:

S 1.14 sgn 2 S, — R 2B A G
S, = Sym({1,...,n}) = Sym({ey, ..., e, }) =5 R*

Hre; & R fIFRUE basis, F' 20U} f 21— e; WAy 1.13 #4E B[ isomorphism.
A, = ker sgn < S, A alternate group.

H determinant [JIFH 515 Im sgn < {-1,1}, 4 n > 2 BJHEE. FEE sgn 18 ORMKET
F HEE: 25 g &AW, G =& g 51 isomorphism, det G(o) = detgf ' F(o)(gf~1)~", ifi
gf ' € Sym({ey, ....,en}) EXFE—H basis b, TREATPAGIH—4 F E#Y linear map T f#i5 T'(e;) =
gf Ye); (gf )~ [FWFF[H linear map S, I H TS = ST(e;) = e;, Bl TS = ST = idgn, FTPA
det G(o) = det T'det F'(o) det T = det F (o).

sgn "] DAV @A FREE i B 229 4 H 28 homomorphism, A, H2iEH] n > 5 I polynomial equation
%A radical solution formula [HHx4 T H..
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